Introduction and Results {#Sec1}
========================

Harmonic maps from Riemannian surfaces to Riemannian manifolds are a variational problem with rich structure. Due to their conformal invariance the latter share a lot of special properties. Among these are for example their regularity and the removal of isolated singularities. The existence of harmonic maps from surfaces has been established by several methods. The approach by Sacks and Uhlenbeck \[[@CR32]\] uses a perturbation of the energy functional such that it satisfies the Palais--Smale condition. The heat flow method was successfully applied in this case by Struwe \[[@CR33]\].

An extension of harmonic maps motivated from supersymmetric field theories in physics are *Dirac-harmonic maps* introduced in \[[@CR17]\]. These also arise as critical points of an action functional and couple the equation for harmonic maps with spinor fields. A Dirac-harmonic map is given by a pair $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ along that map. Moreover, Dirac-harmonic maps still belong to the class of conformally invariant variational problems. For the physics background see \[[@CR21]\].

Taking also into account an additional curvature term in the energy functional one is led to *Dirac-harmonic maps with curvature term*, see \[[@CR6], [@CR8], [@CR15]\]. Dirac-harmonic maps coupled to a two-form potential, called *Magnetic Dirac-harmonic maps*, are studied in \[[@CR5]\] and Dirac-harmonic maps to manifolds with torsion are examined in \[[@CR7]\].

At present, many analytical results for Dirac-harmonic maps have already been obtained. These include the regularity of solutions \[[@CR16], [@CR38], [@CR42]\], a removable singularity theorem \[[@CR17]\] and the energy identity \[[@CR41]\]. Dirac-harmonic maps between closed surfaces are classified in \[[@CR40]\]. Several vanishing results for Dirac-harmonic maps and their variants can be found in \[[@CR10], [@CR11], [@CR15]\].

Although many analytical aspects of Dirac-harmonic maps are well understood by now, the existence question is still not answered in general. Some explicit solutions of the Euler--Lagrange equations for Dirac-harmonic maps are given in \[[@CR27]\]. Using the Atiyah-Singer index theorem uncoupled solutions to the Euler Lagrange equations have been constructed in \[[@CR1]\]. Namely, for a given map $\documentclass[12pt]{minimal}
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                \begin{document}$$(\phi _0,\psi )$$\end{document}$ is a Dirac-harmonic map. The boundary value problem for Dirac-harmonic maps was treated in \[[@CR19], [@CR20]\]. For a recent survey on mathematical results regarding Dirac-harmonic maps and their variants see \[[@CR25]\].

Since Dirac-harmonic maps interpolate between harmonic maps and harmonic spinors, the existence question for Dirac-harmonic maps can be attacked from two different perspectives. On the one hand, one may use methods from spin geometry, as in \[[@CR1]\], or one may apply methods from the analysis of harmonic maps. This of course includes the heat-flow method. However, we cannot apply it directly since the energy functional for Dirac-harmonic maps is unbounded from below.

Hence, our approach is to solve an easier problem first and to hope that one can take a suitable limit in the end. More precisely, we consider the following regularized energy functionalThe first term is the Dirichlet energy of the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is a vector spinor and the twisted Dirac operator acting on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$. The last term is the $\documentclass[12pt]{minimal}
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Before we state our main result let us make the following observation:

Remark 1.1 {#FPar1}
----------
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Our aim is to prove a result similar to Struwe's result \[[@CR33]\], see also \[[@CR34]\], for the harmonic map heat flow from surfaces. Due to the coupling between the fields $\documentclass[12pt]{minimal}
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Theorem 1.2 {#FPar2}
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Then for any smooth initial data $\documentclass[12pt]{minimal}
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Remark 1.3 {#FPar3}
----------

It seems that we have to impose the condition ([1.4](#Equ4){ref-type=""}) in order to be able to prove Theorem [1.2](#FPar2){ref-type="sec"}.Unfortunately, taking the limit $\documentclass[12pt]{minimal}
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A similar approach in the one-dimensional case was performed in \[[@CR9]\], see also \[[@CR24]\]. Recently, a new heat-flow approach for Dirac-harmonic maps has been studied in which the Dirac equation is considered as a constraint while the map is deformed by a heat-type equation. Several existence results using this approach could be obtained in the case of a one-dimensional domain \[[@CR18]\] and for the domain being a compact surface with boundary \[[@CR26]\]. The short time existence for this flow in the case of a closed manifold was recently established in \[[@CR39]\].

The results presented in this article are part of the author's PhD thesis \[[@CR4]\].

We would also like to point out that several existence results for Dirac-wave maps could be established \[[@CR12], [@CR13], [@CR23]\] which are Dirac-harmonic maps from a domain with a Lorentzian metric.

This article is organized as follows. After introducing the framework for Dirac-harmonic maps, we present a regularized version of Dirac-harmonic maps. Afterwards, we study the $\documentclass[12pt]{minimal}
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Let us now describe the setup in more detail. We suppose that *M* is a closed Riemannian spin surface and *N* a compact Riemannian manifold. Every orientable Riemannian surface admits a spin structure, the number of different spin structures can be counted by the genus of the surface. For more details on spin geometry, see the book \[[@CR29]\]. Coordinates on *M* will be denoted by *x*, whereas coordinates on *N* will be denoted by *y*. Indices on *M* are labeled by Greek letters, whereas indices on *N* are labeled by Latin letters. We use the Einstein summation convention, which means that we will sum over repeated indices.
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We may now state the energy functional for Dirac-harmonic mapswhich has the critical points (see \[[@CR17]\], p. 413, Prop. 2.1):

Proposition 1.4 {#FPar4}
---------------
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In terms of local coordinates, the Euler--Lagrange equations acquire the formwhere $\documentclass[12pt]{minimal}
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Proposition 1.5 {#FPar5}
---------------

The critical points of the functional $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----

For a proof, see \[[@CR4]\], Section 2.2. $\documentclass[12pt]{minimal}
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Written in local coordinates, the new terms arising from the variation of $\documentclass[12pt]{minimal}
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Remark 1.6 {#FPar7}
----------

On a compact Riemann surface the following terms are invariant under conformal transformations:A proof can for example be found in \[[@CR17]\], p. 416, Lemma 3.1. In particular, this means that the functional $\documentclass[12pt]{minimal}
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Evolution Equations and Energy Estimates {#Sec2}
========================================
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Before turning to the derivation of energy estimates let us make the following remarks.

Lemma 2.1 {#FPar8}
---------
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-----
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Remark 2.2 {#FPar10}
----------

Since the degree of a map is homotopy-invariant, we cannot find a Dirac-harmonic map from $\documentclass[12pt]{minimal}
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Remark 2.3 {#FPar11}
----------

We cannot hope to find a global smooth solution of ([2.1](#Equ11){ref-type=""}) and ([2.2](#Equ12){ref-type=""}), as already the harmonic map heat flow develops singularities in finite time \[[@CR14]\]. In addition, we cannot expect to find a unique solution in general since in \[[@CR3], [@CR37]\], solutions that are different from Struwe's solution \[[@CR33]\], were constructed.

In the following we will often need the following combination of quantitiesMoreover, for the further analysis it turns out to be useful to introduce the following function space with $\documentclass[12pt]{minimal}
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Lemma 2.4 {#FPar12}
---------
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In addition, we need a local version of Ladyzhenskaya's inequality from above. By $\documentclass[12pt]{minimal}
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Lemma 2.5 {#FPar13}
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Proof {#FPar14}
-----

A proof can for example be found in \[[@CR35]\], p. 225, Lemma 6.7. $\documentclass[12pt]{minimal}
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As a first step, we want to obtain a pointwise bound for the norm of the spinor $\documentclass[12pt]{minimal}
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Remark 2.6 {#FPar15}
----------
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Corollary 2.10 {#FPar22}
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Proof {#FPar23}
-----
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In order to turn the Laplace type terms into full second derivatives, we will make use of the following Bochner type formulas:

Lemma 2.11 {#FPar24}
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Using the bounds on the second derivatives, we can apply the Sobolev embedding theorem to bound $\documentclass[12pt]{minimal}
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-----

The bounds follow from the Sobolev embedding in two dimensions and the previous estimates, namely$$\documentclass[12pt]{minimal}
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Corollary 2.14 {#FPar30}
--------------
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So far, we have derived integral estimates on $\documentclass[12pt]{minimal}
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-----
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Proposition 2.16 {#FPar33}
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Corollary 2.17 {#FPar35}
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Proof {#FPar36}
-----

With the help of the previous estimates we can now bound the full second derivatives of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\phi _t,\psi _t)$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$. By the evolution equations ([2.1](#Equ11){ref-type=""}), ([2.2](#Equ12){ref-type=""}) and Young's inequality, we findThe assertion then follows from applying the local Sobolev inequality ([2.4](#Equ14){ref-type=""}) and the Bochner formulas ([2.12](#Equ22){ref-type=""}), ([2.13](#Equ23){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _1$$\end{document}$ small enough. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Corollary 2.18 {#FPar37}
--------------
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-----
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Long-Time Existence and Singularities {#Sec3}
=====================================

In this section we establish the existence of a long-time solution to the evolution equations. Thus, we first of all derive a uniqueness and stability result. To avoid the problem of identifying sections in different vector bundles, we will make use of the Nash embedding theorem. Hence, assume $\documentclass[12pt]{minimal}
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-----
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Proposition 3.3 {#FPar43}
---------------
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Proof {#FPar44}
-----
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Remark 3.4 {#FPar45}
----------

If we compare the bound on the number of singularities of the regularized Dirac-harmonic map heat flow with the bound on the number of singularities in the harmonic map heat flow, then we realize that the former can encounter more singularities. In the case of the harmonic map heat flow we would have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _4=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\phi _0,\psi _0)=\frac{1}{2}\int _M|d\phi _0|^2$$\end{document}$, which lowers the upper bound in ([3.9](#Equ39){ref-type=""}).

Convergence and Blowup Analysis {#Sec4}
===============================

In this section we discuss the convergence of the evolution equations ([2.1](#Equ11){ref-type=""}) and ([2.2](#Equ12){ref-type=""}). In addition, we address the problem of blowing up the singular points.

Proposition 4.1 {#FPar46}
---------------
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Proof {#FPar47}
-----
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This completes the proof of Theorem [1.2](#FPar2){ref-type="sec"}.

Our next aim is to get a better understanding of the singular points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_k,t_k)$$\end{document}$. In the case of the harmonic map heat flow one can perform a blowup analysis, which finally leads to the "bubbling off of harmonic spheres", see for example \[[@CR33]\]. The important ingredient in that calculation is the fact that one can perform a parabolic rescaling of the evolution equation for harmonic maps. Thus, let us analyze the scaling of the regularized Dirac-harmonic heat flow.
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Remark 4.3 {#FPar49}
----------

When analyzing the bubbling of Dirac-harmonic maps, it is important to have control over the energy of the bubbles, such that now concentration phenomena can happen. This control is usually given by what is called *energy identity*. For Dirac-harmonic maps the energy identity was established in \[[@CR41]\], p. 131.

Definition 4.4 {#FPar50}
--------------
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Note that the blow-up set for Dirac-harmonic maps differs from the blow-up set for regularized Dirac-harmonic maps ([3.6](#Equ36){ref-type=""}) that we encountered when studying the evolution equations.

Removing the Regularization {#Sec5}
===========================

In this section we analyze the limit $\documentclass[12pt]{minimal}
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Example 5.1 {#FPar51}
-----------
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Remark 5.2 {#FPar52}
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The regularity of Dirac-harmonic maps has been studied in \[[@CR38]\].

### Definition 5.4 {#FPar54}
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The relation between weak and smooth Dirac-harmonic maps in dimension two is given by the following (\[[@CR38]\], Theorem 1.5, p. 3764)
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Appendix {#Sec9}
========

The following Lemma combines the pointwise maximum principle with an integral norm. It can be thought of as a simple version of Moser's parabolic Harnack inequality.

Lemma A.1 {#FPar56}
---------
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Proof {#FPar57}
-----

A proof can for example be found in \[[@CR36]\], p. 284. $\documentclass[12pt]{minimal}
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